We propose an inhomogeneous open spin ladder, related to the Kitaev honeycomb model, which can be tuned between topological and nontopological phases. In extension of Lieb's theorem, we show numerically that the ground state of the spin ladder is either vortex free or vortex full. We study the robustness of Majorana end states (MES) which emerge at the boundary between sections in different topological phases and show that while the MES in the homogeneous ladder are destroyed by single-body perturbations, in the presence of inhomogeneities at least two-body perturbations are required to destabilize MES. Furthermore, we prove that x, y, or z inhomogeneous magnetic fields are not able to destroy the topological degeneracy. Finally, we present a trijunction setup where MES can be braided. A network of such spin ladders provides thus a promising platform for realization and manipulation of MES.
I. INTRODUCTION
The study of Majorana fermions in various solid-state systems has recently attracted a lot of attention. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] In particular, the possibility of realizing them as zero-energy states localized at the end of one-dimensional systems [socalled Majorana end states (MES)] has been the subject of many recent investigations. [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] Besides being of fundamental interest, the study of MES is motivated by their potential use for topological quantum computing.
While electronic systems are a natural choice for the realization of such MES, well known fermionization techniques have stimulated the study of MES appearing in the Fermionic mapping of one-dimensional spin systems. [12] [13] [14] Since many proposals exist for implementing designer spin-spin interactions, 20 and, in particular, for the experimental realization of Kitaev-like spin models, [21] [22] [23] such one-dimensional systems are interesting candidates for the realization and detection of MES.
Proposals of highly engineered spin interactions also suggest the implementations of inhomogenous systems where regions in different topological phases coexist, which is the main feature of the spin ladder studied in this work. The spin ladder is based on nearest-neighbor Ising interactions, in extension of the Kitaev honeycomb model, 2 and consists of sections which alternate between the topological and nontopological phases. The phase of each section is simply determined by the strength of the Ising couplings and at the boundary between different phases (as well as at the open ends of the ladder) single well-localized MES exist. Being interested in the groundspace properties of the model, we perform an extensive numerical analysis of possible vortex configurations. We always find that the ground state is either vortex-free or vortex-full and thereby give strong evidence that that the Lieb theorem, 24 originally formulated for different boundary conditions, also applies to such open spin ladders. While freely moving vortices would introduce additional degeneracies, the presence of a finite gap for the vortex excitations makes it possible to characterize the ground space in terms of spatially localized Majorana states, and to consider braiding of such MES. We discuss a trijunction setup similar to the one proposed in Ref. 15 , which could allow the implementation of topologically protected quantum gates.
In contrast to previous studies, [12] [13] [14] we do not analyze our model by making use of the Jordan-Wigner transformation, but consider the alternative mapping proposed by Kitaev. 2 This method has the interesting feature of mapping local spin operators to local Fermionic operators and has some advantage in analyzing the stability of the MES. In particular, it makes immediately clear that MES in the homogeneous ladder are already fragile against single-body perturbations. This conclusion is consistent with general arguments showing that topological protection in one-dimensional systems can only be effective against local perturbations conserving certain symmetries. [25] [26] [27] In p-wave wires, for example, MES are protected against local perturbations which conserve parity. Such symmetry assumption is realistic for superconducting wires (although other limitations exist due to quasiparticle poisoning 28 ) but an analogous constraint does not appear for general spin systems. For this reason we study in great detail the robustness of MES and characterize the form of local perturbations which can split the corresponding degeneracy. In the Fermionic language adopted here, the fragility of the topological degeneracy results from the only apparent locality of the Kitaev mapping. Non-local strings of Fermionic operators coupling the MES appear through the projector onto the physical subspace.
2,29 Nevertheless, we show that the inhomogenous ladder has better properties than the homogenous ladder 14 since single-body perturbations are not sufficient to split the degeneracy but at least two-body interactions are necessary. Furthermore, we show that the topological degeneracy of our model is robust against inhomogeneous magnetic fields along x, y, or z.
The paper is organized as follows. In Sec. II we intro-duce the inhomogeneous ladder and the spin-to-fermion mapping we use to study MES properties. In Sec. III, we derive the topological invariant of the spin ladder for both the vortex-free and the vortex-full sectors. We show that well-localized MES appear at the junction between topological and nontopological sections and demonstrate how to move MES along the ladder. In Sec. IV we investigate numerically the validity of the Lieb theorem 24 and show that it also applies to this type of open spin ladders, since the ground state is either vortex-free (when one of the coupling is negative) or vortex-full (when all couplings are positive). In Sec. V, we perform an analysis of the robustness of MES under local perturbations. We demonstrate that single-body perturbations split the topological degeneracy of the homogeneous ladder, while two-body terms are required in the inhomogeneous case. Furthermore, we prove that x, y, or z inhomogeneous magnetic fields alone are not able to split the topological degeneracy of the ladder. In Sec. VI we present a trijunction setup which could allow braiding of MES following the scheme of Ref. 15 and Sec. VII contains our final remarks. We present additional details and interesting aspects of the model in Appendixes A-E. which interacts with its nearest-neighbor spins via bond-dependent Ising interactions Jx, Jy, Jz. The x, y, and z bonds are indicated by red, green, and blue lines, respectively, the A (B) sublattice site by black (white) dots, and the nth unit cell composed of four spins by the black dashed square. In contrast to the standard honeycomb model, the z couplings are inhomogeneous, i.e., site-dependent Jz → Jz ij .
The spin model we propose is an inhomogeneous ladder version of the compass 30 or Kitaev honeycomb 2 model with Hamiltonian
where
) are the Pauli operators for the spin-1/2 located at the site i of the ladder, and where the sum runs over all pairs of nearest-neighbor sites of the open ladder containing N unit cells. We assume that the ladder is of length 2N −1 (lattice constant set to one) , i.e. consists of an odd number 2N − 1 of square plaquettes, see Fig. 1 . The anisotropy direction in spin space of the Ising interaction J αij depends on the orbital location of the bond which is labeled by the index α ij = x, y, z for x, y, and z-bonds, respectively, see Fig. 1 . Furthermore, we allow the z couplings to depend on position, i.e., J z → J zij . Without loss of generality we assume that J zij > 0. Following Ref. 2, this model can be solved exactly in an extended Hilbert space L by assigning four Majorana fermion operators b x,y,z i and c i (all self-adjoint) to each site of the lattice and mapping each spin operator to a product of two Majoranas,
In fermionic representation, the spin Hamiltonian in Eq.
(1) takes the form
The u operators commute with each other and withH, and satisfyû 2 ij = 1. Therefore, the extended Hilbert space splits into subspaces L u , i.e., L = ⊕ L u , where u represents a certain configuration of eigenvalues u ij = ±1. To remove the ambiguity due toû ij = −û ji , we assume that for a chosen value u ij the first index i belongs to sublattice A (see Fig. 1 ). The physical subspace is defined through the gauge operators
Starting from a state |Ψ in the extended space, the corresponding physical state |Ψ phys is given by symmetrization over all gauge operators D i , i.e.,
In each subspace L u , the operators A ij are replaced by numbers A u ij and thus the quadratic Hamiltonian H is easily solvable with a canonical transformation Q u to new Majorana modes
Under this transformation, H takes, for a given configuration u, the form H u = , where each spin σ n,α is labeled by the index n for the unit cell and α = 1, ..., 4 for one of the four spins inside the unit cell (see Fig. 1 ). We say that a square plaquette p carries a vortex if W n = −1 for p = 2n − 1 and if W n = −1 for p = 2n. In fermionic representation, the plaquettes are products of u operators around each unit cell. In the following, we study the robustness of MES against local perturbations and show that not all the degeneracies due to MES can be split by single-body perturbations. Additionally, we show that the topological degeneracy cannot be fully split by inhomogeneous x, y, or z magnetic fields. We note that in the special case with J zij = J z our model is equivalent to the usual honeycomb model studied in Refs. 14 and 31. As we show below, the Majorana degeneracy present in the homogeneous ladder is less protected in the sense that it is fully split by single-body local perturbations. Similar homogeneous Kitaev We consider now a spin ladder with sections in different topological phases, S 1 , S 2 , and S 3 , which are distinguished by the value of the J zij couplings (see Fig. 2 ). If we focus on the vortex-free or vortex-full sector, then we choose the J zij couplings as follows: for the S 1 and S 3 parts, J zij = J z1 = J z3 and |J z1 | < |J x ± J y |, while for the S 2 part we have J zij = J z2 and |J z2 | > |J x ± J y | (see Fig. 2 ). Below we derive the conditions for the existence of zero-energy MES in the vortex-free (vortex-full) sector with the use of the mapping (2) and prove that sections S 1 and S 3 are topological, while section S 2 is nontopological.
The vortex-free sector corresponds to all u ij = +1. In contrast, the configuration where all the u's along only one of the axes (say x axis) take on the value −1 is vortexfull. From the explicit expression of A u ij we obtain the bulk spectrum in the vortex-free sector for J zij = J z , 1+m 2+m
z , k is the wave vector, and m = 0, 2.
In the vortex-free sector, the MES eigenvectors φ with eigenvalues = 0 can be shown to satisfy the following transfer equations (φ n+1,α+ξ , φ n,α+ξ ) T = T α (φ n,α+ξ , φ n−1,α+ξ )
T (the two labels of φ n,α correspond to the unit cell n and one site α of the unit cell), with ξ = 0, 2, and T 1,2 = . MES can exist only when both eigenvalues of T α have absolute value larger or smaller than one. Therefore, we define the topological invariants ν α = −sgn((1 − |τ
, where τ α 1,2 are the two eigenvalues of T α . The system is in the nontopological phase when ν = +1, and in the topological phase with MES when ν = −1. From the above explicit expression for T 1,2 , we obtain the following result for the topological invariants in agreement with Refs. 14 and 31
In the vortex-full sector, the topological invariant is given by Eq. (6) with J x + J y replaced with J x − J y . From Eq. (6) it follows that sections S 1 and S 3 of our model are topological, while section S 2 lies in the nontopological phase. This system thus contains four c Majoranas: and Q i 3(4) ,j are the elements of the imaginary (real) part of the = 0 eigenvectors of matrix iA u . Figure 3 shows a plot of the wave functions of four Majoranas γ 1,...,4 for a ladder with N = 60 with all u ij = +1, and J x = 1.0, J y = −0.4, J z1 = J z3 = 0.2 for the S 1 and S 3 sections, and J z2 = 3 for the middle section S 2 . We can see that the MES γ 1 and γ 4 are respectively localized at the left and right ends of the ladder, while MES γ 2 and γ 3 are localized at the junctions between topological and nontopological sections of the ladder (the precise shape of MES can be understood more intuitively by mapping the spin ladder to two coupled p-wave superconducting wires; see Appendix A). The four zero-energy eigenvalues of iA u ij (corresponding to γ 1,...,4 ) reside inside a gap of about 1.7 for this choice of parameters . From Eq. (6) one concludes that it is possible to move from the topological to the nontopological phase by changing the relative strengths of J x,y,z . Since MES will exist at the junction between sections in different topological phases, MES can be created, destroyed, and transported by locally (and adiabatically) changing the relative strengths of J x,y,z along the spin ladder. Finally, it is well-known that, in principle, exchange interactions can be controlled electrically (for atomistic or nano structures see, e.g., Refs. 33 and 34). Thus, applying gates over portions of the spin ladder will allow one to move the MES along the ladder. This is similar to what is done in superconducting wires For the sake of completeness, we study in Appendix E long-range static correlations which exist in the topological phase only. In the standard honeycomb model spin spin correlations vanish rapidly with distance.
35,36

IV. VORTEX-FREE (FULL) GROUND STATE
In this section we give numerical evidence that the ground state is either vortex-free or vortex-full for a certain range of J x,y,z parameters. It is tempting to invoke Lieb's theorem 24 (see also Ref. 37). However, this theorem is not directly applicable to our system since it requires periodic boundary conditions in the horizontal direction or |J x | = |J y | with open boundaries (when the reflection plane is taken to be horizontal and going through the middle of the ladder). However, different numerical checks lead us to conclude that the ground state of our spin model is vortex-free/vortex-full for sgn(J x ) = (−/+)sgn(J y ) and general J zij > 0. Figure 4 is a plot of the single-vortex energy for different N and couplings J x = 1.0, J y = −0.4, and J zij = J z1 = J z3 = 0.2 in sections S 1 and S 3 , while J zij = J z2 = 4 in section S 2 . The vortex energy converges quickly with N and is positive. We also see that a vortex lying in the nontopological section S 2 has a larger energy since J z is stronger there. Figure 4 reveals that the energy becomes independent of the vortex position in the bulk of the ladder when N is large. However, the ground state is vortexfree or vortex-full and such additional degeneracies are not present. All ground-state degeneracies can thus be associated to MES.
We have numerically investigated the energy of multivortex configurations and found that, although the vortex-vortex interaction is attractive, the attraction is not strong enough to favor the creation of additional vortices and the ground state remains a vortex-free state (see Appendix B for more details). Additional numerical checks with different J x,y,z configurations are also reported there. For all the numerical checks we performed, the conclusion remains the same: The ground state is vortex-free. Since changing the sign of J x,y is equivalent to u x,y ij = −1 for the corresponding bond, the system with sgn(J x ) = sgn(J y ) has thus a vortex-full ground state, as expected. Although an analytical proof, to the best of our knowledge, is lacking, we conjecture that Lieb's theorem can be formally extended to the spin ladder considered in this work. The junction between sections S1 and S2 is at p = 2N/3 and between S2 and S3 at p = 4N/3. Note the slight increase of ∆EV (as compared to the bulk) for N = 45 and 120 when the vortex is located at the end of the ladder.
V. ROBUSTNESS OF THE TOPOLOGICAL DEGENERACY
As mentioned in the Introduction, topological order does not exist in one-dimensional systems. [25] [26] [27] Especially, if no symmetry constraints are present, it is always possible to find local perturbations which split the Majorana degeneracy.
In line with this general result, we are thus interested in determining what type of local spin perturbations can split the topological degeneracy and against which type of perturbations the MES of the inhomogeneous ladder are robust. Indeed, as we shall see, only certain forms of local perturbations can split the topological degeneracy. A symmetry-based analysis of perturbations that can split the topological degeneracy into different spin ladders has recently been performed in Ref. 38 .
Here we demonstrate that single-body terms cannot fully split the topological degeneracy present in the inhomogeneous ladder and that at least two-body perturbations are required. Furthermore, we also demonstrate that a twofold degeneracy always remains when x, y, or z inhomogeneous magnetic fields are applied. The presence of inhomogeneities in the ladder is important, since much simpler perturbations destroy the topological degeneracy of the homogeneous ladder as we show below.
A. Homogeneous ladder
Here we first focus on the homogeneous ladder, while we study the inhomogeneous ladder in the next section. In order to study the robustness of MES, we recall that the spin system carries four additional b Majoranas arising from the b operators at the ends of the ladder (b 2) it is thus clear that a local single-body perturbation V = h 1 σ
will combine two of the three Majoranas at each end of the ladder, leaving only one Majorana at the right and one Majorana at the left end of the ladder (and thus one zero-energy fermion state). It has recently been shown 29 that, given a certain vortex configuration and lattice topology, only half of the states in the extended space are physical and these physical states have a definite fermionic parity. If the physical states have even parity, then the remaining zeroenergy fermion state is unfilled, while it is filled for physical states with odd parity. In any case this means that one of the states of the remaining zero-energy fermion is unphysical. We thus conclude that the topological degeneracy of the homogeneous ladder has been lifted by x single-body terms only.
B. Inhomogeneous ladder
Let us now consider the inhomogeneous ladder. The ladder possesses eight MES, namely four spatially separated γ i (see Fig. 2 ) and two b Majorana operators at each end. An argument identical to the one presented for the homogeneous ladder is thus applicable here and single-body local perturbations V = h 1 σ 
where u is the configuration with all u ij = +1. From Eq. (7), we realize that the projection onto the physical subspace introduces a string of D i operators and that the spin to fermion mapping (2) is only apparently local. Similar to the case encountered with a JordanWigner transformation, 13 the nonlocality of the mapping means that a local spin perturbation is nonlocal in the fermionic language and can thus connect well-separated MES. In order to check whether a local perturbation V splits the Majorana degeneracy, we thus need to calculate the following matrix elements:
with m, n ∈ {1, 2}. Since P contains string of D i operators, we need to check whether V introduces transition between |Ψ u 1,2 and i∈Λ D i |Ψ u 1,2 , where Λ is a subset of indices. If this is the case, then the perturbation V can split the remaining degeneracy.
In the following we explicitly construct a local perturbation which splits the remaining degeneracy in agreement with the general result of Refs. 25-27 stating that topological order is impossible in one-dimensional systems. Furthermore, we show that such a perturbation has to contain at least two-body terms.
A necessary criterion for a local perturbation V to split the degeneracy is that it does not create vortices. This is so because the degenerate ground states are vortex-free and states with different u configurations are orthogonal. Let us thus first consider all possible single-body terms which do not create any vortex and show that they cannot split the degeneracy. The effect of
has been considered already. The remaining single-body terms which do not create vortices are
For these single-body perturbations, the only string of D i operators which leaves the u-configuration invariant is the product of all D i , i.e.,
As an explicit example, let us now consider the effect of V 2 :
where m, n ∈ {1, 2}, π is the parity of |Ψ u 1,2 and the last equality comes from the fact that c 2 creates a finiteenergy fermion (the contribution of c 2 in the remaining MES is exponentially supressed with system's size). We thus finally conclude that single-body perturbations cannot fully split the topological degeneracy.
In the following we show that two-body interactions are enough to destroy the remaining MES and we construct explicitly a perturbation which splits them:
where M is even and belongs to the nontopological section S 2 , see Fig. (2) . An important point to notice is that such a perturbation will not create any vortices since σ 
where the other b operators combine into u operators which are all equal to 1. From Eq. (15) we then obtain
The string of c i operators in Eq. (16) 
requires determining whether the string operator M i=1 c i makes it possible to come back to the ground subspace. This is, in principle, the case since c i 's are superpositions of all eigenmodes. In Appendix C we use a different approach and show explicilty that V can indeed induce splitting between the Majorana states (all these considerations remain valid for a perturbation V = σ
with odd M as well). Although single-body terms are not able to fully split the topological degeneracy, we showed that local two-body terms are. From this result, it appears that MES are quite fragile against external magnetic fields since two-body interactions are easily generated in second-order perturbation theory. However, on the positive side, we show below that the topological degeneracy is protected against inhomogeneous x, y, and z magnetic field components.
C. Protection against magnetic fields aligned along x, y, or z direction
Let us consider a local perturbation V which represents an inhomogeneous magnetic field in direction α = x, y, z:
As we demonstrated in the previous section, single-body terms cannot fully split the topological degeneracy. As a consequence, the perturbation V is not able to split the topological degeneracy at first order. We thus ask here the question whether this is possible at higher orders. The answer, in principle, is yes. For MES well-separated by L sites, the degeneracy can obviously be split in L th order. However, L th -order terms are exponentially suppressed with system's size and the effect of such perturbation is thus negligible for large systems. We are then interested in determining whether this is possible at order n independent of system's size.
As mentioned previously, a necessary condition for a local perturbation to split the degeneracy is that it does not create any vortices. The good candidates V n generated at order n have thus to be products of terms σ 
with m, n ∈ {1, 2}, since 
where π is the eigenmodes parity of |Ψ u 1,2 . From this we conclude that the effect of x, y, or z magnetic field components on the inhomogeneous spin ladder is exponentially suppressed with system size. In other words, the topological degeneracy cannot be fully split by inhomogeneous magnetic fields purely along the x, y, or z direction.
VI. BRAIDING MES IN A TRIJUNCTION SETUP
The recent demonstration of non-Abelian character of MES in p-wave wires 15 makes the possibility to realize topological quantum computing by braiding MES an attractive and promising method. Majorana end states in spin ladders can be moved by locally tuning the value of J z couplings (similar to the local tuning of chemical potential in p-wave wires) and it is thus in principle also possible to braid them (following the scheme of Ref. 15) in the trijunction setup presented in Fig. 5 . The trijunction in Fig. 5 possesses the interesting property that no spurious Majorana modes are created in the course of braiding. Indeed, when all three parts building the trijunction are in the topological phase, the J x,y couplings (dashed lines in Fig. 5 ) between the MES will combine two of them into an ordinary complex fermion. We note that such braiding processes in the simpler xx − yy chain would be difficult to realize because of the many additional zero-energy modes, see Appendix D. This is why we are interested in inhomogeneous spin ladders where such additional degeneracies do not appear and all Majorana modes are well-separated from each other.
In order to be of use for topological quantum computing, an important property of MES is that they follow non-Abelian exchange statistics (as it is the case in pwave wires 15 ). As mentioned above, the projection operator (onto the physical subspace) P introduces strings of operators and renders mapping (2) only apparently local. In such a case the study of braiding statistics is more complicated and especially mapping the Hamiltonian onto Kitaev's toy model Hamiltonian is not enough to conclude anything about the statistics of MES. 13 We leave here the question of the MES statistics as an open problem.
To perform a robust topological quantum computation by exchanging MES, the two-body perturbations splitting the topological degeneracy have to be excluded. This requirement is analogous to the parity conservation requirement in p-wave wires and can, in principle, be achieved by carefully screening magnetic fields. Since Ising interactions can be tuned by means of electric fields only, 33,34 magnetic fields are not required for braiding and there is no intrinsic contradiction between exchanging MES and screening external magnetic fields.
VII. CONCLUSIONS
We have proposed inhomogeneous spin ladders and shown that they support a topological phase with local- ized Majorana states. We have studied the robustness of MES under local perturbations and demonstrated that single-body perturbations are not enough to split the topological degeneracy. We have explicitly constructed a two-body perturbation which does this, in agreement with the general fact that topological order is not possible in one-dimensional systems. [25] [26] [27] On the positive side, we showed that the topological degeneracy cannot be destroyed by inhomogeneous magnetic fields aligned purely along x, y, or z direction. Finally, we have presented a trijunction setup where MES can be exchanged similar to Ref. 15 .
While the spin ladders envisioned here are not yet available, we hope that the present study provides a strong encouragement for their experimental realization since they represent a promising framework for the realization and manipulation of MES.
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Appendix A: Mapping to two coupled Kitaev p-wave superconducting wires
As presented in the main text, the model we consider possesses three different sections S 1 , S 2 , and S 3 which are distinguished by the value of the J zij couplings [see Fig. 6 ]. We focus on the vortex-free and vortex-full sectors where we choose J x,y,z,z such that S 1 and S 3 are topological, while section S 2 is nontopological. This system carries four MES: γ 1 and γ 4 at the left and right end of the ladder, respectively, while γ 2 and γ 3 sit at the junction between topological (S 2 ) and nontopological (S 1,3 ) sections of the ladder.
Let us focus on a topological section, say S 1 , in the vortex-free sector (i.e., u ij = +1), and study the location of MES γ 1,2 and their behavior under the modification of J x,y,z couplings. We disregard here the presence of the two other sections S 2,3 . It is useful to consider our spin system as two xx-yy chains coupled via J z Ising couplings. Let us now introduce the following complex fermion operators:
with j = 1...2N (the site labeling is shown in Fig. 3 ), {d j , d j } = 0, and {d j , d † j } = δ jj . Then the upper (u) xx-yy chain is mapped to the Kitaev model for a onedimensional p-wave superconductor, 1,39,40
with µ u = 2J x and t u = −∆ u = J y , while the lower (l) xx-yy spin chain is mapped to
with µ l = 2J y and t l = −∆ l = J x . The J z spin couplings between upper and lower xx-yy chain leads to a hopping term H ul between upper and lower wire in the fermionic representation,
where t ul = 2J z . Let us first focus on the case J z = 0. Then, the system consists of two decoupled wires, Eqs. (A2) and (A3), and we can distinguish between the following cases: If J x > J y , then the upper wire lies in the nontopological and the lower wire in the topological phase, i.e., the two MES are localized in the lower wire, one at the left and one at the right end; vice versa for J y > J x .
When the z-couplings are turned on, i.e. J z > 0, then the MES spread over both the upper and the lower wires as shown in Fig. 3 of the main text. If J z increases, then the MES continue to spread until they completely split when |J z | > |J x + J y | in the vortex-free sector and |J z | > |J x − J y | in the vortex-full sector, see Eq. (6) in the main text. It is also straightforward to understand the exact site localization of the two MES. For J x > J y , most of the weight of the left γ 1 (right γ 2 ) MES resides at respectively the first and last site of the lower xx-yy chain and spreads only over A (B) sublattice sites. Indeed, the J x,y,z -couplings between spins residing on different sublattices forbids γ 1 (γ 2 ) to spread over B (A) sites. Similarly, for J y > J x , most of the weight of the left γ 1 (right γ 2 ) MES resides at, respectively, the first and last sites of the upper xx-yy chain and spreads only over B (A) sublattice sites.
Appendix B: Vortex-free and vortex-full ground states
As discussed in the main text, although Lieb's theorem 24, 37 is not directly applicable to our system, we nevertheless are able to show numerically that the ground state is indeed vortex-free for sgn(J x ) = −sgn(J y ) and J zij > 0, while it is vortex-full for sgn(J x ) = sgn(J y ). Let us focus on the case sgn(J x ) = −sgn(J y ), since the other one can easily be deduced from it as discussed in the main text. Figure 7 shows single-vortex energies for different ladder lengths and J x,y,z,z coupling configurations. All the results are consistent with our assumption that the ground state is vortex-free. We have furthermore investigated the effect of vortex-vortex interactions and plotted in Figs. 8 and 9 multi vortex energies for different N , J x,y,z couplings, and distance between the vortices. Again, all the plots indicate a vortex-free ground state since the attractive vortex-vortex interaction is not strong enough to favor the creation of additional vortices. Finally, we plot in Fig. 10 the energy of the vortex-full sector as a function of N for J x = 1.0, J y = −0.55, J z = 0.25 in S 1,3 , while J z = 4 in S 2 . The energy of the vortex-full sector is always positive and increases linearly with the system size N . This result again shows that vortex-vortex interactions do not favor the creation of vortices and the ground state is free of vortices. We have checked that this result is valid for many other choices of parameters J x,y,z . A detailed explanation of the plots is given in the figure captions.
As a final remark, we would like to mention that the groundstate of the trijunction setup presented in the main text (see Fig. 5 of the main text) is also vortex-free or -full. Indeed, each ladder forming the trijunction is separately free or full of vortices and thus by a continuity argument it is clear that switching on (small) couplings between different ladders cannot create vortices. The aim of this Appendix is to propose another mapping to study the robustness of MES in the homogeneous and inhomogeneous ladder. We use the same labeling as Fig. 3 but now make use of the following spin-to-spin The junction between sections S1 and S2 is at p = 2N/3 and between S2 and S3 is at p = 4N/3 mapping:
where τ x,y,z i are usual Pauli matrices. The mapping is thus to an auxiliary system of 4N + 1 τ i spins (i = 0, 1, 2, ..., 4N ). Therefore, the mapping introduces a doubling of the Hilbert space which can be taken into account by imposing the constraint τ z 0 = +1. The spin ladder Hamiltonian (1) takes in this new language the following form:
+J y (τ . However, as mentioned in the main text, the attraction is never strong enough to favor the creation of vortices and the energy of the two vortices is always positive. The junction between sections S1 and S2 is at p = 2N/3 and between S2 and S3 is at p = 4N/3
Homogeneous ladder
As a first step, let us now study the homogeneous ladder and consider the case where J x J y,z which, according to Eq. (6), is in the topological phase. For J y,z = 0, the odd spins are completely decoupled and the corresponding 2 N/2−1 degeneracy is due to the absence of gap to create a vortex. However, there is an additional and interesting degeneracy coming from the fact that the last spin τ x N does not appear in the Hamiltonian and the total degeneracy in the topological phase is thus 2 N/2 . In the opposite limit, i.e., when J z = 0 and J x,y = 0, which, according to Eq. (6), corresponds to the nontopological phase, then by construction τ z 0 = +1 and no additional degeneracy is present. In this limit the degeneracy is thus 2 N/2−1 . We thus identify the additional degeneracy due to the N th spin as the topological degeneracy. In the strong J x limit, the two corresponding degenerate ground states take the following form:
where + i is an eigenstate of τ 
Inhomogeneous ladder
Let us now consider the inhomogeneous ladder with two topological sections S 1,3 separated by the nontopological section S 2 , see Fig. 2 . In the case where J x = 0 and J y,z = 0 in S 1,3 , while J z = 0 and J x,y = 0 in S 2 it is easy to see the origin of the eightfold degeneracy, see (14),
is a conserved quantity (M − 1 is an odd site here). We have thus shown here explicitly that two-body perturbations are enough to split the remaining degeneracies in agreement with the discussion in the main text. In this section we study some properties of the zeroenergy modes present in a xx-yy spin chain of length 2N , described by the Hamiltonian
We show that the xx-yy spin chains contain many additional zero-energy modes besides the two c Majoranas localized at the ends of the chain. In the language of mapping (2), this arises because all non equivalent u configurations are degenerate; that is, putting a u α ij = −1 does not cost energy. It is instructive to study this model with a Jordan-Wigner transformation
n k a j and σ
where a j annihilates a complex fermion at site j, i.e., {a
j } = 0 and {a j , a † j } = δ jj , and n j = a † j a j . With the use of Eq. (D2), H xx−yy takes the form
where w x = ∆ x = J x /4 and w y = −∆ y = −J y /4.
Since there is a difference of π in the pase of ∆ x and ∆ y , we thus conclude that Hamiltonian (D3) represents an array of π junctions and thus possesses 2N additional zero-energy modes. 15 To find the spectrum k of Hamiltonian (D3), we artificially double the number of degrees of freedom and rewrite Eq. (D3) as
where a = a 1 ... a 2N a †
... a † 2N
, and H is a real 4N × 4N symmetric matrix defined through Eq. (D3). Figure 12 is a plot of the eigenvalues k of H which corresponds to the modes of a xx-yy spin chain with J x = 0.4, J y = 1.0, and length 2N = 20 for a) and 2N = 100 for b). As expected, the number of additional zero-energy modes is 2N . It is thus possible to generate zero-energy modes in the xx-yy spin chain by increasing the system size. Appendix E: Long-distance spin-spin correlation function
In this section we study the static long-distance spinspin correlation function σ Fig. 3 of the main text) . We note that this correlator vanishes in the standard honeycomb model 35, 36 but is non zero for the ladder in the topological phase due to the presence of MES localized at sites 1 and 4N
when J x > J y (the scenario with J x < J y can be treated analogously by considering σ 
and
we have
we obtain
and thus
It is now straightforward to calculate Ψ n=0 |σ
, where n (n = 0, 1) represents the filling of MES while all the high-energy modes are unfilled,
where i = 1 and j = 4N .
With the use of the fermionic anticommutation relation {a k , a † k } = 1 we obtain Ψ n=0 |σ 
= u
where we recall that u 
where α is the index of the fermonic mode formed by the Majoranas; that is, n α = n = 1 is the filling of MES. As mentioned above, the long-distance spin-spin correlation σ |Ψ n as a function of N with all u ij = +1, J x = 1.0, J y = −0.4, and J z1 = J z2 = J z3 = 0.2 for the topological phase in a) and J z1 = J z2 = J z3 = 2 for the nontopological phase in b). We make use of the projection protocol of Ref. 29 in order to determine if the physical ground state of the vortex-free sector has even (n = 0) or odd (n = 1) parity. As expected, the longdistance spin-spin correlation takes a finite value in a) while it vanishes in b).
In the remainder of this section, we want to investigate the effects of vortices on the long-distance correlation function. Figure 14a) shows a plot of − Ψ n |σ |Ψ n=1 , and thus conclude that a change of sign in the correlator implies a change of the parity iγ 1 γ 2 (i.e., n = 0 ↔ n = 1). We make use of the projection protocol of Ref. 29 in order to determine if the physical ground state of the onevortex sectors have even (n = 0) or odd (n = 1) parity. In Fig. 14 b) we plot − Ψ n |σ Note that the physical groundstates we consider have a fixed parity iγ2γ3 = +1 and oscillating parity iγ1γ4.
As mentioned in the main text, the one-vortex state is highly degenerate since it does not cost energy to move a vortex to a nearby plaquette, and thus, without any prior measurement, the position of a vortex is generally not known, and so neither is the parity of the MES. In the case where MES are used for topological computing (braiding), it is thus essential that the ground state is vortex-free or vortex-full.
